Abstract. For a given quantum state ρ and two quantum operations Φ and Ψ, the information encoded in the quantum state ρ is quantified by its von Neumann entropy S(ρ). By the famous ChoiJamiołkowski isomorphism, the quantum operation Φ can be transformed into a bipartite state, the von Neumann entropy S map (Φ) of the bipartite state describes the decoherence induced by Φ. In this Letter, we characterize not only the pairs (Φ, ρ) which satisfy S(Φ(ρ)) = S(ρ), but also the pairs (Φ, Ψ) which satisfy S map (Φ • Ψ) = S map (Ψ).
Introduction
Von Neumann entropy and relative entropy are powerful tools in quantum information theory. Both quantities have a monotonicity property under a certain class of quantum operations and the condition of equality is an interesting and important subject. For example, an extremely important result was obtained in the condition of equality for the celebrated strong subadditivity inequality for the von Neumann entropy [1] . On the other hand, ones use the von Neumann entropy of quantum states to quantify the information encoded in the quantum states, and the map entropy of quantum operations to describe the decoherence induced by the quantum operations [2] . In this Letter, we study von Neumann entropy-preserving quantum dynamical processes. In order to present our results, we need the following notation.
For a given N-dimensional quantum-mechanical system which is represented by an N-dimensional complex Hilbert space H, a state ρ on H is a positive semi-definite operator of trace one. If ρ = k λ k |u k u k | is its spectral decomposition, then the support supp(ρ) of ρ is defined by supp(ρ) = span{|u k : λ k > 0}, and the generalized inverse ρ −1 of ρ is defined by
The von Neumann entropy S(ρ) of ρ is defined by S(ρ) = − Tr(ρ log 2 ρ) which quantifies information encoded in the quantum state ρ. If σ is also a quantum state on H, then the relative entropy between ρ and σ is defined by S(ρ||σ) = Tr(ρ(log 2 ρ − log 2 σ)) if supp(ρ) ⊆ supp(σ); S(ρ||σ) = +∞, otherwise [3, 4] . 
is the set of all k × k complex matrices. It follows from the famous theorem of Choi [5] that every completely positive super-operator Let {|i : i = 1, . . . , N} be an orthonormal basis for H. In this Letter, for quantum states ρ and quantum operations Φ and Ψ, we characterize both the pairs (Φ, ρ) which satisfy S(Φ(ρ)) = S(ρ) and the pairs (Φ, Ψ) which satisfy
Firstly, we need the following lemmas. For our purpose, Theorem 5.1 in [6] is modified into the following form:
) Let ρ and σ be two quantum states on H, Φ be a stochastic quantum operation. If
Lemma 1.2. ([7]
) Let ρ and σ be two quantum states on H, Φ be a stochastic quantum operation.
Then

S(Φ(ρ)||Φ(σ)) S(ρ||σ).
In general, we do not know whether a quantum operation will increase or decrease the von Neumann entropy. However, if it is bi-stochastic, then it does not decrease the entropy. That is, if Φ is a bistochastic quantum operation, then S(Φ(ρ)) S(ρ) for any quantum state ρ. This follows immediately from Lemma 1.2 by letting σ = 
The space H can be decomposed into:
The quantum state ρ can be decomposed into:
is a probability vector, that is, all components of p are non-negative and their sum is one, d R
The bi-stochastic quantum operation Φ can be decomposed into: (
It follows from Lemma 3.11 in [6] that the space H has a decomposition
where
, where
. . , K, and the decomposition of Φ is obtained immediately.
Remark 2.2. We remark here that the completely positivity of Φ in Theorem 2.1 can be relaxed to be 2-positivity since Lemmas 1.1 and 1.2 hold in that case.
Theorem 2.3. Let Φ and Ψ be two quantum operations on H, Φ be bi-stochastic and Ψ be stochastic.
that is, Proof. If Φ = µ Ad M µ is a Kraus representation of Φ, then
Then we can construct a stochastic quantum operation
. In fact, Φ T (|i i|) = j t i j | j j| defines a stochastic quantum operation, and for ρ = i p i |i i|, σ = j (T p) j | j j|, they satisfy that 
